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LINEAR SYSTEMS OF FRIS AND FRES

Linear systems

Linear systems of fuzzy relation inequalities (FRIs) and fuzzy relation equations (FRESs) are
of the form:

pp <Y, @p<Y
Y < pp, < pp
pp =1, pp=1.

where p is a fuzzy relation, + is a fuzzy relation or a fuzzy set, and ¢ an unknown fuzzy
relation or a fuzzy set.

Applications

m Addition-min and max-min FRIs: BitTorrent-like Peer-to-Peer file sharing networks;
m Max-product FRIs: Wireless communication station networks;
m Min-product FRIs: Supply chain networks (eg. foodstuff supply).




SOLVABILITY OF LINEAR SYSTEMS OF FRIS AND FRES

The solvability of linear systems

m Linear systems may not be always solvable;

m Even when they are, it is not reasonable to disregard fuzzy relations which are “close
enough” to exact solutions in practical situations.

Approximate solutions

m Fuzzy relations which are solutions to linear FRIs and FREs to a certain degree.
m Approximate solutions to FREs: Pedrycz [FSS, 1983], Wu [FSS, 1986], Gottwald [FSS, 1985;
FSS 1994].

m More recent developments: Wu et al. [FSS, 2021], Xiao et al. [IEEE Access, 2021], Yang
[Complexity, 2019].




WEAKLY LINEAR SYSTEMS OF FRIS AND FRES

Weakly linear systems

Weakly linear systems (WLS) of FRIs and FREs are of the form:

po P <oy, QoY Poy
giop=popg, i€l

where ¢ is a unknown fuzzy relation and {g;}ic/- a family of fuzzy relations on A.

Applications

m Fuzzy automata: State reduction (right and left invariant fuzzy quasi-orders and fuzzy
equivalences);

m Fuzzy automata: Simulations and bisimulations (forward and backward
(bi)simulations);

m Fuzzy social network analysis: Regular fuzzy equivalences.




SOLVABILITY OF WEAKLY LINEAR SYSTEMS OF FRIS AND FRES

The solvability of weakly linear systems

m Weakly linear systems are always solvable;
m Trivial solution: The identity relation I is irrelevant;
m There are many situations where only the trivial solution exists.

Approximate solutions

m Used only on narrower structure, complete Heyting algebra.

m Our goal: Systematic approach to find approximate solutions to WLS over complete
residuated lattices.




THE SET OF THE UNDERLYING TRUTH VALUES
Complete residuated lattices

m Residuated lattice: £ = (L, A, V,®,—,0,1); A,V,®,—:LxL—L; 0,1€l
(support set, meet, join, multiplication, residuum, zero, one) such that:

> (L,A,V,0,1) is a bounded distributive lattice;
> (L,®,1) is a commutative monoid with the unit 1;
» residuation property holds: x®y < z iff x < y—z, for every x,y,z € L.

m Complete residuated lattice: (L, A, V) is a complete lattice.
m BL-algebra: residuated lattice which satisfies prelinearity and divisibility condition.
B Biresiduum: x<y = (x—y) A (y—x), for every x,y € L.

Prominent examples

m L =[0,1], A = min, V = max and:

Structure a®b a—b
Product a-b 1(a < b), b/a(otherwise)
Godel min{a, b} 1(a < b), b(otherwise)
tukasiewicz | max{a+ b —1,0} min{1—a+ b,1}




FUzzy SETS AND FUZZY RELATIONS

Fuzzy sets and fuzzy relations

L - a complete residuated lattice; U - a nonempty set (a universe);
m Fuzzy set over U and £ - every mapping o : U — L,
m Fuzzy relation over U and £ - every mapping o : U x U — L,
m Fuzzy relation is a fuzzy set over U x U and L.
m For fuzzy relations o and j3, their composition is defined as

(o B)(us, ;) = \/ a(uq, u3) ® B(us, Uz),  for every us, u, € U.
u;eu

Degree of subsethood and degree of equivalence
a, B - fuzzy sets (or fuzzy relations) over U and L.

Degree of subsethood Degree of equivalence

S(@8) = \a(u) = Bu)  E@B) = A a(u) & Au)

uel ueu




APPROXIMATE SOLUTIONS TO WLS

Instead of classical WLS- obeserving WLS similar to the given degree

L - a complete residuated lattice; U - a nonempty set (a universe);
{0i}ic)- @ family of fuzzy relations on A; ¢ - an unknown fuzzy relation over U and £;
A- a scalar from £, which presents the degree of similarity

(1) pogi<pgiop, iel — S(pog,giop)>A iecl (1%
(2) ogiop<ypog, i€l —= Sgop,pog)=A il (2%
(3) ogiocp=¢pog, i€l — E(op,poo)>A il (3%

In the case A =1, (1*) = (1), (2*) = (2) and (3*) = (3).

Adventage of this approach

For most WLS, solutions that exist are not applicable for factorization and reduction

Approximation solutions form much wider class, appropriate for further use




THE EXISTENCE OF THE GREATEST SOLUTIONS

Theorem

For every \ € L, the family of all solutions to systems (1*), (2*) and (3*) form the complete
lattice.

There exists the greatest A\-approximate solution to systems (1), (2) and (3).

Class of )\ and y- approximate solutions (where \ < )

Set of A —Approximate solutions

Set of
¢ —Approximate
solutions

The greatest A\-approximate solution is greater than the greatest u-approximate solution




HOW TO COMPUTE THE GREATEST APPROXIMATE SOLUTION?
Residuation property for fuzzy relations

m(1%):S(pog,000) > Niff o< (A= 009p)/0;

(A= 009)/o(un,u2) = N\ o(U',ur) = (A = o @)(U', )
u'eu

m (2%):S(giow,pog) > Aiff © < o\(A— poo);
(Po\(A = poo)(uita) = A oo(lst') = (A = poo)(us, ).
u'eu

The procedure

wo — the starting fuzzy relation,
on1=on A N = giown)/ai A\ e6\(X—= ¢nog), neN..
i€l i€l
m oy is the greatest approximate solution to (3) if and only if ¢, = ©p,;

m If £({o}ics, M) is a finite subalgebra of £, procedure terminates in the finite number of
steps.




THE GREATEST SOLUTIONS IN THE CASE L IS BL-ALGEBRA

©o - a fuzzy relation on A, X € L, L - a BL-algebra over the interval [0, 1].

The sequence {¢n tnen Of fuzzy relations on A, is convergent.

@ = limp_,o0 ©on- is the greatest solution to (3*) contained in .

Let £ be a product structure, the fuzzy relations {o};c; = 0 where:

09 O (0) O 05 O

08 O 03 O 02
O 08 04 O 04
O 08 02 02 O
1 (0) 1 02 O
O 09 O o 01

O OO O0Oo

In the case \ = 1, the sequence {pp }nen is infinite.




THE GREATEST SOLUTIONS IN THE CASE L IS BL-ALGEBRA

Example cont.

However, the sequence {¢n}nen is convergent:

1 50/81 400/729 50/81 5/9 1600/6561
o] 1 64/81 32/81 8/81 32/81
— im _| o 89 1 2/5 1/10 2/5
L o 8/9 4/5 1 15 32/81
o] 1 80/81 1 1 320/729
0] 1 9/10 9/20 1/5 1
In the case A = 0.7
1 1 1 1 50/63 40/63
111 1 5/7 47
|11 1 1 50/63 40/63
LA B T T T TV AR
11 1 1 1 1
11 1 1 1 1




THE GREATEST CRISP SOLUTIONS

Crisp part of fuzzy relation

For a fuzzy relation o € LA*4, the crisp part of ¢ is the crisp set ¢¢ € 2*4 defined by:

c [ 1, ifp(a,b) =1,
¥°(a,b) = { 0, otherwise,

for every a,b € A.

Computing the greatest crisp solution

wo — the starting cisp relation,
o1 = en A J\((X = gi o n)/a) A \(@\(A = ¢no @), neNo.
iel iel
m ¢ is the greatest crisp solution to (3*) if and only if ¢, = pp ;
m procedure always terminates in the finite number of steps.




THE GREATEST CRISP SOLUTIONS

Let £ be a product structure, {o;}ic; = {01, 02} are given by:

1 0.95 0.9 1 09 09 08 0.8
(0) 0.4 0) (0) (0) 0] (0) (0)
0) 0.4 1 0.4 (0] O 095 0.4
O 09 O (0] 0.4 0] 0.9 0.95
0.8 095 0.9 0.95 0.95 0.8 1 0.4 ’
0.4 1 0.6 (0) 06 0.6 0.9 0.9
O 095 0.4 09 1 0.9 0.8 0.95
0) 0.4 1 0.8 0.9 1 0.95 (6}

[ 0.8 0095 1 09 095 09 O 09 |
095 09 O 06 O 1 09 O
0.4 1 09 095 08 O 04 0.9
| 08 06 1 09 09 06 0.6 0.95
2= 08 06 0 04 04 O 08 0.95
0 0.6 08 0.4 1 o 0.9 1
o6 O o095 08 04 O 04 038
1 O 095 08 08 O O 038




THE GREATEST CRISP SOLUTIONS

Example cont.

Take A = 0.9. We have infinite convergent sequence:

1 1 0 40/57 0 1 1 O

010 O OOOOO

11 1 1 11 1 1

o |1 1 o0 1 0O 1 1 0
P01 1919 1 11 1 1
110 2/3 01 1 0

1 1 0 20/27 0 1 1 O

111 1 111 1]




THE GREATEST CRISP SOLUTIONS

Example cont.

If we employ the procedure for computing the greatest crisp solution, it ends in 3 iterations.

17170 0 0 1 1 O
0O 1 0 0 OO0 0 O
171 1 1 1 1 1 1
R_|1 1010110
111 1 1 1 11
17170 0 0 1 1 O
1170 0 0 1 1 O
111 1 1 11




THANK You!



